Chiral superconductivity is a highly interesting, albeit elusive, unconventional state of matter, of great relevance in topological quantum computation. We show that magnetic impurities on the surface of a bulk odd-parity nematic superconductor can stabilize a surface time-reversal symmetry breaking solution, associated with the condensation of a finite out-of-plane magnetization of the impurity ensemble. The two-component odd-parity character of the order parameter promotes stable topological excitations in the form of Skyrmion textures in the surface chiral order parameter, with winding number Q = 2. The magnetic impurities locally align to the chiral order parameter and a radially varying magnetization is generated, providing signatures of the surface chiral state.
Introduction.-Chiral superconductivity is a highly interesting and long sought unconventional state of matter that spontaneously breaks time-reversal symmetry through the development of a Cooper pair finite angular momentum [1, 2] . It also represents an instance of topological superconductivity [3] [4] [5] , that has attracted great interest thanks to its potential for hosting Majorana fermions in vortex cores [6] [7] [8] , and for its potentials in topological quantum computation [9, 10] . Intrinsic chiral superconductivity is an unstable state of matter and its occurrence has been suggested in particular conditions, such as layered material like UPt 3 [11] , Li 2 Pt 3 B [12] and Sr 2 RuO 4 [13, 14] . However, its detection relies on observation of spontaneous magnetization or generation of local magnetic fields [15] , that is usually hindered by Meissner screening, and its unequivocal demonstration still remains controversial.
Quantum design has become a very attractive and promising way to attain unconventional and fascinating states of matter. This is the case of engineered topological superconductors [3, 6, 7] , where by bringing together materials with different properties it is possible to engineer the resulting compound at will. It is then natural to wonder whether intrinsic chiral superconductivity can be stabilized by suitable quantum design. To this end the relevant ingredients that need to be brought together to stabilize chiral superconductivity are the quasi two-dimensional character, a time-reversal symmetry breaking (TRSB) phase trigger, and a multicomponent order parameter [1] . A bulk two-component order parameter can choose two solutions, either a rotation symmetry breaking solution, the nematic state, or a chiral TRSB solution. The nematic solution is generically more stable. Nevertheless, C 3 crystal symmetry [16] , two-dimensionality and low carrier density [17, 18] can promote a fully gapped stable chiral solution, and magnetic fluctuations [19, 20] can provide a mechanism that triggers a TRSB phase. However, none of them alone is sufficient nor fully practical.
In this work, we study slabs of odd-parity nematic su-perconductor in presence of surface magnetic impurities. The system is schematized in Fig. 1a ). We first consider the case of a thickness L larger than the coherence length ξ. Far away from the surface, the bulk is in the nematic phase. Close to the surface, magnetic fluctuations of the impurity ensamble couple to the chiral order parameter and promote a surface TRSB solution accompanied by magnetic ordering. This result opens the way to engineering surface chiral superconductivity in bulk nematic systems and has highly promising implications in topological quantum computation [9, 10] . We then focus on a slab thinner than the coherence length and study the excitations of the chiral order parameter. We show that the system hosts topological excitations in the form of Skyrmion textures in the chiral order parameter with topological charge Q = 2. These excitations are deeply connected with the two-component odd-parity character of order parameter and are in close relation with the complex vortex structures predicted in these systems [21] . A chiral surface solution couples to the average magnetization and is favored for sufficiently strong coupling. b) Q = 2 chiral Skyrmion excitation resulting from the reversing of a magnetic moment, for a generic profile Θ(r) such that Θ(0) = 0 and Θ(∞) = π, shown both on the x, y plane, b), and on the S 2 sphere, c).
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Skyrmion excitations can be created by local magnetic pulses and are expected to be stable, owing to their topological character. Furthermore, they reflect in a radially varying texture in the magnetic impurity sample, that in turn can be used to detect the surface TRSB state. A particularly promising platform for the realization of surface chiral superconductivity is provided by slabs of doped topological insulators such as Bi 2 Se 3 [17, 18] . Early experiments pointed to the possibility for this material to be an odd-parity superconductor [22] [23] [24] [25] , and recent measurements have by now established the nematic character of the superconducting state [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] , characterized by a C 2 symmetry. The latter is consistent with the two-component E u representation of the D 3d crystal point group of the material [36] [37] [38] [39] , possibly triggered by odd parity fluctuations [40, 41] , density wave fluctuations [42] , structural distortion [43] , nematicity above T c [44] , and ferroelectric fluctuations [45] .
The results presented are generic of odd-parity nematic superconductors, and can be extended to other systems such as UPt 3 [46, 47] , Sr 2 Ru 4 [48] [49] [50] or topological semimetals [51] , rendering these systems an ideal platform for quantum designing of unconventional physics.
The model.-We assume the system to occupy the region z > 0 and place classical magnetic impurities on the z = 0 surface of the system. In general, magnetic impurities represent a pair-breaking perturbation for superconductors, and the present case makes no exceptions if the impurities are localized in the bulk of the system. Nonetheless, an interesting situation arises for magnetic impurities localized on the surface of the system and coupled to the electrons via a Zeeman term
where m(r) = i m i δ(r − r i ), m i is the magnetic moment of the impurity located at position r i localized on the surface z = 0, s is the electronic spin operator, and J an exchange coupling. We can describe the condensation of the order parameter via a Ginzburg-Landau (GL) free energy whose form is dictated by symmetry arguments. Close to the surface, gradients terms need to be included and the full GL functional for the order parameter ψ reads [21] 
where ∇ = (∂ x , ∂ y ) is the in-plane gradient operator and V the volume of the system. The presence of mixed gradient terms controlled by the parameter β 2 arise from the odd-parity two-component character of the order parameter [21] , and will play a crucial role in the subsequent analysis.
The stability of the bulk superconducting phase is determined by the sign and magnitude of the parameter a, b, b . At T c , a becomes negative and a finite b > 0 ensure a stable finite solution. The two possible nematic and chiral solutions, ψ nem = ψ(1, 0) and ψ chi = ψ(1, i) are favoured by b > 0 and b < 0, respectively. Microscopically, the condition b > 0 is met for bulk 3D systems [19] and it prevents the chiral phase to condense on general grounds. We then fix the sign of b to be positive, in agreement with microscopic calculations, and consider a semi-infinite system. Away from the boundary the order parameter is uniform and nematic.
Surface chiral solution.-As shown in Refs. [19, 20] , magnetic impurities can couple to the chiral order parameter iψ × ψ * , that transforms as a pseudovector and can be regarded as an electron spin polarization [21] or Cooper pair spin. The presence on the surface of magnetic impurities triggers a surface finite coupling and the GL free energy acquires the term
with ψ 0 = ψ(z = 0) and a M a phenomenological coefficient, assumed to be positive to prevent self-ordering of the magnetic moments, i.e. ferromagnetism. The twocomponent nature of the vectorial order parameter ψ forces the spin of the Cooper pairs iψ×ψ * to point about the z directions. At mean field the average magnetization acquires the value
Plugging the solution for m z back into the GL free energy Eq. (3) we have [19] 
with L = V 1/3 the thickness of the material along the z direction.
In a semi-infinite system it is then natural to expect a TRSB solution in proximity of the surface, so that ψ acquires a position dependence that matches two asymptotic solutions, a nematic one at infinity and a chiral one on the surface z = 0. We then parametrize ψ in terms of real valued amplitude ψ(z) and relative phase ϕ(z), ψ = ψ(e −iϕ/2 , e iϕ/2 )/ √ 2 [52] . We rescale the amplitude by the bulk value ψ ∞ ≡ |a|/(2b), the position by the coherence length ξ = β z /(2|a|), and introduce η = b /b. For small η 1 we can assume constant amplitude. The GL free energy is written as [53] δF
where F = (ϕ ) 2 /4 + ηU (ϕ), U (ϕ) = sin 2 (ϕ)/4, and g = J 2 /(4a M bξ). By extremizing the free energy we obtain the GL equation for the phase supplemented by the boundary condition ϕ 0 = −g sin(2ϕ 0 )/4 generated by the coupling to the magnetic impurities. The solution for the phase with the asymptotic behavior ϕ ∞ = 0 reads that represents a kink that matches the solution ϕ 0 at the origin with the asymptotic one. The boundary condition is solved by ϕ 0 = arccos(2 √ η/g) and the associated free
√ η separates a nematic solution ϕ 0 = 0 for g < g c and a TRSB solution ϕ 0 = arccos(2 √ η/g) for g > g c .
This way, for sufficiently strong coupling a surface TRSB state occurs, as shown in the phase diagram Fig. 2a ), characterized by a surface solution ψ 0 ∝ (1, e iϕ0 ).
In order to check the predictions and the validity of the simple result Eq. (6), we numerically solve the coupled equations for amplitude and phase, and find an excellent agreement [? ] . The condition g > 2 √ η for the onset of a TRSB phase is matched exactly. The solution for the phase is shown in Fig. 2b ) and closely matches Eq. (6), especially for small η. The amplitude is shown in Fig. 2c ) and, as expected, varies on the scale ξ, whereas the phase varies on the scale ξ/ √ η ξ. We find that the analytic value of the surface phase ϕ 0 = arccos(2 √ η/g) underes-
timates the numeric solution. The purely chiral solution ϕ 0 = π/2 is incompatible with the boundary conditions ϕ 0 = −g sin(2ϕ 0 )/4, that predict zero derivative at the origin. It can be nonetheless obtained asymptotically for large g. For a quasi 2D system satisfying ξ > L, ψ can be assumed constant. This is confirmed by inspection of the solution for the amplitude shown in Fig 2c) , where any spatial variation takes place on length scales larger than ξ. From Eq. (4) it becomes clear that the parameter b is corrected by the coupling to the magnetic impurities and the chiral phase is stabilized for b − J 2 /(4a M L) < 0. Having established the stability of the chiral phase in systems with surface magnetic impurities we now study excitations of the uniform solution in a quasi 2D system. Skyrmion excitations.-We assume that a sea of impurities align its average magnetization m z to the out-ofplane direction and focus on a single impurity characterized by a fixed magnetic moment m 0 . The latter can in general align to the other magnetic impurities, so to preserve the uniform solution, or anti-align, in which case it is expected to generate a chiral solution of opposite chirality in its proximity.
The presence of non-trivial gradient terms in the GL free energy Eq. (2) prompts a parametrization of the order parameter in terms of rotated components ψ ± = (ψ x ± iψ y )/ √ 2 [21] . We look for a non-uniform solution, centered around the localized impurity at r = 0, that is topologically stable and realizes a covering of the two-dimensional surface plane. We then parametrize the order parameter ψ = (ψ + , ψ − ) in terms of two real functions describing the relative modulus and relative phase of the two order parameters ψ ± , ψ = ψ e iΦ(φ)/2 cos(Θ(r)/2) e −iΦ(φ)/2 sin(Θ(r)/2)
with Φ ∈ [0, 2π) and Θ ∈ [0, π), and assume a dependence of the relative phase Φ on the angle in the (x, y)plane, tan φ = y/x, and the relative amplitude Θ on the distance from the impurity r = x 2 + y 2 . The overall amplitude is set constant so to reproduce the asymptotic chiral solution ψ = 1. It is easily shown that the GL equation for the relative phase Φ(φ) are solved by [? ]
This is a signature of the nematic character of the phase when the order parameter has components with equal modulus, |ψ + | = |ψ − | (for Θ = π/2). A nematic phase is characterized by a director, that is a vector without orientation. A sign change does not change the state and a rotation in the plane of an angle φ = π produces no relative phase between the two components. We are then left with a radial equation for the relative amplitude parametrized by Θ(r)
with ∇ 2 = ∂ 2 r + ∂ r /r, κ 2 = a/β 1 , β ⊥ = −β 2 /a, and γ = (b − b )/(b + b ). The presence of the mixed gradient terms in Eq. (2) reflects in the term proportional to β ⊥ . Interestingly, the latter stabilizes a solution that evolves from Θ(0) = 0 to Θ(∞) = π. This solution corresponds to a Skyrmion texture, that evolves from an anti-chiral solution at r = 0 to a chiral solution at infinity.
A skyrmion is characterized by additional topological properties with respect to an ordinary excitation. These properties can be assessed by introducing a unit vector n = ψ † σψ/ψ † ψ, with σ a vector of Pauli matrices. The projection onto the Pauli matrices represents a map from the one-point compactification of the plane (R 2 ∪ {∞} S 2 ), that parametrizes the complex two-component superconducting order parameter, onto the two-sphere spanned by n. The angle vector n is the representation onto the Bloch sphere of the spinorial wavefuction ψ, assumed to have unit modulus. The map n : S 2 → S 2 is classified by the homotopy class π 2 (S 2 ) ∈ Z that defines the integer-valued topological invariant
The index Q counts the number of times the vector n wraps around the sphere as the order parameter evolves from the isolated impurity to infinity. Finite n x , n y components represent a nematic solutions, whereas a finite n z component represents a chiral solution.
We are now in the position to fully discuss the topologically stable solutions of the problem. The vector n associated to the parametrization of the two-component order parameter ψ Eq. (7) has the form n = (cos(Φ) sin(Θ), sin(Φ) sin(Θ), cos(Θ)).
With the solution Eq. (8), topologically stable solutions are Skyrmion with charge Q = 2, with Θ(r) evolving from Θ(0) = 0 to Θ(∞) = π. In the case the unit vector wraps two times around the entire sphere and the solution evolves from anti-chiral at the origin to chiral at infinity. This is confirmed by numerical solution of Eq. (8) in absence of the coupling to the isolated magnetic impurity at r = 0, that are shown in Fig. 3a) for the case β ⊥ = 1/3. Lengths are expressed on the scale ξ sky = 2/(1 − γ)/(κψ). A close inspection of the solution in proximity of the origin (see Inset Fig. 3a) ) shows how the change of chirality is achieved in a fraction of the Skyrmion coherence length. The solution is stabilized by the coupling to the isolated magnetic impurity at the origin, for which Θ = 0 at the origin. The resulting Skyrmionic pattern of n is shown in Fig. 1b,c) for a generic function Θ(r) that matches the two asymptotic solutions, both in the (x, y) plane Fig. 1b ) and on the S 2 sphere Fig. 1c) .
Looking back at the coupled system of magnetization and order parameter, a Skyrmion excitation of the superconductor affects the magnetization aligned to it, that will follow the chiral order parameter. Introducing gradients term in the plane for the magnetization, such that F M = dr a M m 2 + b M (∇m) 2 + Jmψ 2 cos(Θ) , the z component of the magnetization will follow the chiral order parameter,
dr r ψ 2 (r ) cos(Θ(r ))G(r, r ), (12) with G(r, r ) = ∞ 0 dkkJ 0 (kr)J 0 (kr )/(k 2 + 1/λ 2 M ), J 0 (x) the Bessel function of the first kind and λ M = a M /b M . This way, a surface Skyrmion excitation in the superconductor will generate a radially varying m z , characterized by a core region on the size of λ M pointing say up and an external region for r > λ M pointing down.
The Skyrmionc solution represents an excited state of the superconductor-magnetic impurity ensamble system. Its energy is associated to the gradient terms and is localized in a region on the size of the coherence length. A localized magnetic pulse can excite the system and the topological character of the Skyrmion will provide stability to the solution. In turn, the magnetic pattern of the impurities can be detected by local probes, thus providing a way to detect the chiral state.
Conclusions.-In this work we show how to design chiral superconductivity on the surface of a nematic oddparity superconductor by placing magnetic impurities on the surface of the system. The coupling between the magnetic impurities and the two-component order parameter promotes a surface TRSB solution associated with the simultaneous condensation of a finite out-of-plane magnetization. In a quasi 2D system, the stable solution is chiral and excitations of the system are represented by Skyrmions in the chiral order parameter with topological charge Q = 2. A suitable platform is offered by the topological insulator Bi 2 Se 3 doped with Sr, Nb, and Cu, that is generally believed to realize a nematic odd-parity superconductor.
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Numerical solution of the GL equations for a semi-infinite system Here we discuss details of the GL equations in the z > 0 half-plane. In general the two-component order parameter is specified by four real functions, two amplitudes and two phases. In absence of external magnetic fields the global phase can be gauged away. The relative amplitude fix the direction in the space of the nematic director and we assume an asymptotic solution ψ ∞ = ψ ∞ (1, 1)/ √ 2. We are then left with a global amplitude and a relative phase, ψ = ψ(e −iϕ/2 , e iϕ/2 )/ √ 2. The GL free energy then reads
We rescale the field as ψ = ψ ∞ f , with the asymptotic amplitude ψ 2 ∞ = |a|/(2b), and the position z = ξx by the coherence length ξ 2 = β z /(2|a|). Subtracting the asymptotic bulk free energy we are left with
with η is plotted in the (g, η) plane. The surface value of the phase ϕ0 is obtained by numerical solutions of the coupled equations (17, 18) with the boundary conditions Eqs. (20, 21) .
Skyrmion excitations
We consider the case of a single impurity localized at the origin in the plane z = 0. For simplicity we neglect the out-of-plane direction and consider a 2D system confined in the plane. It is useful to rotate the components of the order parameter and define
In this basis, rescaling the order parameters with ψ ∞ = −a/2(b + b ) the GL free energy takes the form
The coupling to the magnetic impurity reads
In this notation the uniform nematic solution is |ψ + | = |ψ − | = 1/ √ 1 + γ and it is the ground state for 0 < γ < 1.
The uniform chiral solution is |ψ + | = 1, |ψ − | = 0 or viceversa, and it is the ground state for γ > 1. We look for position dependent solutions promoted by the local coupling to the magnetic impurity. The latter aligns to the chiral solution of the order parameter at the origin and generates an effective correction to the F 0 of the form
We parametrize the order parameter with two real functions Φ and Θ of the position, ψ = ψ e iΦ(r)/2 cos(Θ(r)/2) e −iΦ(r)/2 sin(Θ(r)/2)
and neglect any dependence of the amplitude ψ on the position. The Euler-Lagrange equations are written as
Explicitly, the equations are 
with V (Θ) = −ψ 2 + ψ 4 8 (3 + cos(2Θ)) + γψ 4 4 sin 2 (Θ) − m z gψ 2 cos(Θ)δ(r).
We write the solution in the form Φ(φ) and Θ(r), with r = x 2 + y 2 and tan φ = y/x, and look for a solution Φ(φ) that identically solves ∂ i (∂F/∂(∂ i Φ)) = ∂F/∂Φ for any Θ(r). This is achieved by
The resulting equation for Θ is given by Eq. (9) of the main text, it has no angular part and it is purely radial.
